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Definition. Suppose that S is an uncountable set and k > w is a cardinal. Suppose
that AC[S]<"={XCS||X|<k}or AC[S]"={X CS||X|=xk}
(1) A is unbounded if for all x € [S]<* (or [S]*), there is some y € A with
z Cuy.
(2) Ais closed if for all C-chains (q)a<y in [S]<F (or [S]7), Le. (a)acy With
To Capg for a < B,if U, za € [S]5F (or [S]¥) then U, ., za € A.
(3) Ais stationary if ANC # @ for every club (closed unbounded) C' C [S]<*
(or [S]7).

Problem 39 (6 Points). Suppose that k < A < p are uncountable regular cardinals.
For Y C [p]<", the projection of Y to X is defined as

Ya={ynAlyeY}
For X C [A\]<*, the lifting of X to p is defined as
Xt ={zeu<"|znie X}

Show

(a) If S is stationary in [u]<", then Sy is stationary in [A]<".
(b) If C is club in [p]<", then C) contains a club in [A]<".
(c) If S is stationary in [A]<*, then S* is stationary in [u]<".

(Hint: Work with clubs of the form Cy for f: [S]<¥ — [S]<" as in the lecture.)

Problem 40 (6 Points). Suppose that x < A are uncountable regular cardinals. If
(Xa)a<x is a sequence of subsets of A, the diagonal intersection is defined as

NocrXo={ze N |ze () Xa}.
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Show
(a) The club filter on [A]<" is closed under diagonal intersections.
(b) If S C [A]<* is stationary and f: S — X\ is regressive, i.e. f(x) € x for all
x € S, then there is a stationary set S’ C S such that f [ S’ is constant.

Problem 41 (2 Points). A forcing (P, <,1) satisfies Aziom A if there is a collection
(<n)new of partial orderings of P such that p <q ¢ implies p < g, for all n p <,,41 ¢
implies p <,, ¢, and the following conditions hold.
(i) (Fusion) If (pn)new is a sequence such that pg >o p1 >1 ps..., then there is
a condition ¢ such that ¢ <,, p,, for all n.



(ii) For every p € P, every n, and every name ¢ for an ordinal, there is a

condition ¢ <,, p and a countable set C' such that ¢ IFp & € C.
Show

(a) Every c.c.c. forcing satisfies Axiom A.

(b) Every wi-closed forcing satisfies Axiom A.

Problem 42 (6 Points). Suppose that P is a forcing, p € P, and A is a cardinal.
Consider the following game G, (P,p) for two players with w moves. In round n,
player I plays a name &,, € Hy for an ordinal and then player II plays a countable
set C), of ordinals. Player II wins if there is a condition ¢ < p with
qlbp ¥n dm € | Ci.
mew

A strategy for player II is a function which determines the next move of II from
the sequence of previous moves. A winning strategy for player II is a strategy for II
such that IT wins for all plays of player I.

Now suppose that P satisfies Axiom A. Show that player II has a winning strategy
in the game G (P, p) for all p € P.

Please hand in your solutions on Wednesday, January 22 before the lecture.



